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This article describes a method of extracting the risk-
neutral probability distribution of future exchange rates from
option prices. In foreign exchange markets, interbank option
pricing conventions facilitate reliable inferences about risk-
neutral probability distributions with a small amount of

readily available information.

The risk-neutral probability distribution of the
future exchange rate provides investors and market analysts
with an important tool for gauging market sentiment.

arket participants need to understand
market sentiment and keep updated on
its changes. Central banks responsible for
maintaining the stability of the exchange
markets are more concerned about an exchange rate
move when it is associated with great uncertainty
about future moves or anxiety about their direction.
Investors make better-informed judgments when
they compare their own view of future exchange rate
developments to the market consensus.

Market beliefs about a future asset price and
market attitudes toward the risks of particular asset
price realizations can be compactly summarized in
the risk-neutral probability distribution, the distribu-
tion implied by the observed market prices of the
asset and its derivatives. The risk-neutral distribution
may differ from the market’s subjective probability
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distribution if market prices include premiums for
risk and liquidity.

For example, the forward foreign exchange
rate can be thought of as the mathematical expecta-
tion of the future spot exchange rate, with the proba-
bility weights drawn from the risk-neutral distribu-~
tion. The forward rate may or may not correspond to
the true market consensus forecast of the future spot
rate, but it does represent the price at which market
participants can tailor their foreign exchange expo-
sures, laying off or taking on foreign exchange risk.

Similarly, the market price of a European cur-
rency call option can be thought of as the risk-neu-
tral mathematical expectation of its payoff at maturity,
discounted to the present. In other words, it is the
expected value of the future exchange rate less the
exercise price, with the probability weights drawn
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from the risk-neutral distribution. If the market is
eager to insure against the risk of currency apprecia-
tion, calls with high exercise prices might be more
expensive than if they represented a fair bet on appre-
ciation. In that case, the risk-neutral probability of an
appreciation might be higher than the market’s sub-
Jjective probability.

Option prices provide much embedded infor-
mation on the risk-neutral distribution. In fact, if prices
of calls and puts with the same expiration but many dif-
ferent exercise prices could be simultaneously observed,
one could trace out the entire risk-neutral distribution,
since the discounted risk-neutral density function of the
asset price equals the second derivative of the call
option price with respect to the exercise price:'

d%c(t, X, T)

= X &)
ax’

where c(t, X, T) represents the observed time t mar-

ket price of a European call option on an asset with

an exercise price of X expiring at time T.

This suggests that one could extract the proba-
bility distribution of the asset price by taking second
differences of simultaneously observed call option prices
with different exercise prices. Unfortunately, this is dif-
ficult to apply, because it requires, in principle, options
with a continuous — or at least closely spaced — series
of exercise prices. In practice, not many option con-
tracts on a given asset with different exercise prices and
a given maturity trade in the marketplace at any one
time, so implementing this approach requires some sort
of interpolation between observed option prices.?

An alternative solution to the “shortage” of
option data adds structure by assuming that the risk-
neutral probability distribution of the future asset
price belongs to a particular parametric family other
than the lognormal, for example a jump diffusion.
The distributional assumption leads to option pricing
formulas in which the parameters of the distribution
appear. The parameters can be estimated by fitting the
option data to the pricing formulas.’

To date, such techniques for extracting risk-
neutral distributions from option prices have been
anything but straightforward; they require much data
and are computationally difficult. This article describes
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a simplified interpolation method for extracting the
risk-neutral distribution of the future exchange rate
from option prices. The simplification is made possible
by relying on price data from the over-the-counter
option markets rather than centralized exchanges.
Dealer conventions in over-the-counter markets per-
mit greater accuracy and ease of computation with a
small amount of data that are readily available from
public sources and are accessible to investors, non-
financial corporations, and central banks.

As 1s well known, forward asset prices are poor
indicators of the future behavior of cash prices, since
they embody little more information about future
asset prices than the asset’s cash price. Observation of
the entire risk-neutral probability distribution of the
future exchange rate, rather than just the first moment,
gives investors and market analysts an important addi-
tional tool with which to gauge market sentiment.

I. THE OVER-THE-COUNTER
CURRENCY OPTION MARKETS

The language and conventions that traders in
the over-the-counter currency option markets use are
borrowed from the Black-Scholes model, even
though traders are fully aware that the model is at best
an approximation.’ The model, which assumes that
the spot exchange rate follows geometric Brownian
motion, results in the familiar formula for the price of
a European call:

v(S,, T, X, 0,1, r*) =

S, . o
Inf i+ |r—1 + — [
. X 2
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where S_represents the exchange rate, T =T — t the
time to expiration, X the exercise price, G a parame-
ter governing the variance of the exchange rate, r and
r" the domestic and foreign interest rates, and ® rep-
resents the standard cumulative normal distribution
tunction. The probability distribution implied by the
Black-Scholes formulas is the lognormal distribution,
as can be seen by calculating the second derivative of
Equation (2) with respect to X.

Given an observed call price c(t, X, T) and
the observed or contractually specified values of S, T,
X, r, and r[*, the equation

ct, X, ) =v(S, T, X, 6, 1, ) (3)

can be solved for the unique implied volatility G, cor-
responding to c(t, X, T).

Dealers in over-the-counter markets quote
option prices in terms of implied volatility, in units
called vols. When a deal is struck, they translate the
agreed price from vols to currency units by plugging
current market data and the agreed exercise price,
maturity, and option price in vols into the right-hand
side of Equation (3). Exhibit 1A shows how these cal-
culations are carried out.

Much over-the-counter option trading is in at-
the-money forward options, for which the exercise
price is set equal to the current forward exchange
rate. When in- or out-of-the-money options are
dealt, exercise prices are not expressed in currency
units, but in terms of delta, the rate of change of the
Black-Scholes call option value with respect to the
spot exchange rate:

* ,T,X, T, *
8\7(8“ T, X, G,r,r) = aV(St O, r 1‘) -

35,
_ NG
1 S +lr—-r1 + o T
. X 2
et ‘l.'(D - (4)
oNVT

The call delta always lies on [0, e_r*r]. The
delta of a putis 8(S, 7. X, ©, r, 1) - T Often,
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EXHIBIT 1
Opr110N PRICE QUOTE CONVENTIONS

PANEL A, TMPLIED VOLATILITY AND OPTION PRICE IN
CURRENCY UNITS
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exercise prices are set so that delta is equal to a round
number like 25%. If a customer buys, say, a 25-delta
dollar-mark call, the exercise price is calculated by set-
ting the left-hand side of Equation (4) equal to 0.25
and solving for X. The call delta declines monotonical-
ly as exercise price rises — and the option goes farther
out of the money — so dealers can readily find the
unique exercise price corresponding to a given delta,
and vice versa. Exhibit 1B illustrates these calculations.
Dealers usually express the delta of an option
as a percent, not a decimal, and omit the minus sign
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in discussing put option deltas, so a “25-delta put”
refers to a put with a delta of —0.25. The delta of an
at-the-money forward call (put) option is close, but
not exactly equal to 0.5 (-0.5).

II. THE VOLATILITY SMILE

The Black-Scholes model assumes that all
options on the same currency have identical implied
volatilities, regardless of time to maturity and money-
ness. However:

®  Options with the same exercise price but different
maturities often have different implied volatilities,
giving rise to a term structure of implied volatili-
ty. A rising term structure indicates that market
participants expect short-term implied volatility
to rise or that they are willing to pay more for
protection against near-term exchange volatility.

¢  Out-of-the-money options on currencies with
flexible exchange rates often have higher implied
volatilities than at-the-money options, indicating
that the market perceives exchange rates to be
leptokurtotic; that is the risk-neutral likelihood of
large exchange rate moves is greater than is con-
sistent with the lognormal distribution.

¢ Out-of-the-money call options often have
implied volatilities that differ from those of equal-
ly out-of-the-money puts, indicating that the
market perceives the distribution of future
exchange rates to display skewness or that market
participants are willing to pay more for protection
against sharp currency moves in one direction
than in the other.

The latter two phenomena constitute the
“volatility smile,” so-called because of the characteristic
shape of the plot of implied volatilities of options of a
given maturity against delta. The volatility smile is evi-
dence not only that the Black-Scholes model does not
hold exactly, but also that dealers are perfectly aware of
this. The market uses the Black-Scholes terminology
nonetheless, raising or lowering the prices, and there-
fore implied volatilities, of options with different exer-
cise prices to equate their supply and demand.

We can summarize the observed volatility
smile at time t for call options with maturity T in the
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function o, (t, X, T), which gives the implied
volatility corresponding to each exercise price for
which an option price can be observed. It is related to
observed option prices and to the Black-Scholes
option pricing formulas by

ct, X, T) =[S, T, X, 0,(t, X, T), 1, 1; |
so implied volatilities are calculated the same way
when there is a volatility smile as when implied
volatility is constant. Because options with only a
handful of different exercise prices trade actively at any
moment, G, (t, X, T) is not a continuous function.

As noted, over-the-counter currency option
dealers often express exercise prices in terms of delta
rather than currency units. The market-implied
volatility schedule 6, (t, X, T) can be expressed in
terms of delta as G4(t, 8, T). The two schedules Oyt,
8, T) and 6, (t, X, T) embody the same information
about observed implied volatilities, and are related to
one another in a straightforward if non-linear fashion.

The exercise price, for example, of a 25-delta call

(0.25)
t

option, which we denote X , can be calculated

by setting
85, T, X", 04t, 0.25, T), T, r, 1,]=0.25

v

Only a chang_e of units is involved, so Cs(t, 0.25, T)
= O, (t, XEO'M, T). This identity will hold, of course,
for any delta:

oyt x, T)=0,(t, X, T), x€[0, ¢7 7]  (5)

where X' satisfies

8 (S(, T, Xix)’ GS(t’ X, T). T, rt, I‘t) = X,

v

e ©)

xe [0,

Note also that the implied volatilities of a call
with a delta of x and a put with a delta of x - e "
are identical, so we can readily include the observed
implied volatilities of puts in the schedule ot 5, ).

Over-the-counter dealers usually express
option prices in terms of implied volatility, so G(t, 5,
T) summarizes the market’s price schedule at time t of
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options on a given currency pair and with a given
maturity, but different exercise prices. We can trans-
late the quote on a call option with a delta of x from
implied volatility units into currency units via

o6, X9, T)

v(S,, T, X, 65(t,0.25, T), 1,, 1)) 7)

where X(tx) is calculated from Equation (6).

Dealers often sell options in combinations.
The straddle is a combination of a put and a call with
identical exercise prices, usually at the money for-
ward. Two combinations, the strangle and the risk
reversal, involve two out-of-the-money options with
the same delta and contain most of the information
about the shape of the volatility smile. The strangle
1s a position consisting of a long out-of-the-money
put and call. The risk reversal consists of a long call
and a short put.

Exhibit 2 illustrates the payoffs at maturity on
these instruments. Strangles and risk reversals gener-
ally involve 25-delta calls and puts, but 15-delta
strangles and risk reversals are becoming more com-
mon in interdealer trading. Quotes for strangles and
risk reversals with other deltas are easily obtained
over the counter.

The prices of these option combinations are
expressed in vols rather than currency units in over-
the-counter market parlance. The implied volatility of
the put component of an at-the-money forward strad-
dle is identical to that of the call and is referred to
(somewhat loosely) as the straddle or at-the-money
forward volatility. It indicates the general level of
implied volatility for options of a given maturity on a
particular currency pair.

In a 25-delta strangle, the dealer sells or buys
both out-of-the-money options from the counter-
party. Dealers usually quote strangle prices by stating
the implied volatility — the strangle volatility — at
which they buy or sell both options. For example,
the dealer might quote the selling price as 14.6 vols,
meaning a 25-delta call and a 25-delta put sold at an
implied volatility of 14.6 vols each. Dealers generally
record strangle prices as the spread of the strangle
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EXHIBIT 2
STRADDLE, STRANGLE, AND RISK REVERSAL PAYOFFS
AT MATURITY

PANEL A. STRADDLE PAYOFF
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Py
one-month forward exchange rate, XEU”D) to the exercise price

price of a 25-delta option, and X([“'75) to the exercise price of
a 75-delta option.

volatility over the at-the-money forward volatility. If
market participants were convinced that exchange
rates move lognormally, the out-of-the-money
options would have the same implied volatility as at-
the-money options, and strangle spreads would be
zero. Strangles, then, indicate the degree of curva-
ture of the volatility smile.

In a risk reversal, the dealer exchanges one of
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the options for the other with the counterparty.
Because the put and the call are generally not of equal
value, the dealer pays or receives a premium for
exchanging the options, quoted as the implied volatil-
ity differential for exchanging a 25-delta call for a 25-
delta put. For example, if dollar-mark is strongly
expected to fall (dollar depreciation), an options deal-
er might quote dollar-mark risk reversals as: “one-
month 25-delta risk reversals are 0.8 at 1.2 mark calls
over.”” This means the dealer stands ready to pay a net
premium of 0.8 vols to buy a 25-delta mark call and
sell a 25-delta mark put against the dollar, and charges
a net premium of 1.2 vols to sell a 25-delta mark call
and buy a 25-delta mark put.

Denoting the 25-delta and 75-delta call volatil-
ities by 6% = 64(t, 0.25, T) and o7 = o,
0.75, T) and the strangle price, risk reversal price, and
at-the-money volatility by str, rr,, and atm,, the mid-
point of the time t strangle price can be expressed as
str, = 0.5(c"7 + o) - atm . The risk reversal

price is rr, = 6% — 67 Using these definitions,
the market quotes for the strangle price, risk reversal
price, and at-the-money volatility can be solved for

G.(r().25) and 0?175)15

.25)
N

o =atm_+ str, + O.Srrl

=4}
G(r().h,

= atm, + str, — 0.5rr, (8)

To close a straddle deal, the counterparties use
the Black-Scholes formulas, Equation (2) and its ana-
logue for puts, to translate the straddle price in vols
into currency units. To close a strangle or risk rever-
sal deal, the exercise prices of the individual compo-
nents must first be set, which in turn requires the
counterparties to agree on 6% and 6" the
implied volatilities of the 25-delta call and the 25-
delta put. These are substituted into Equation (4),
which is set equal to 0.25 or 0.75 to solve for the
exercise prices. The counterparties then translate
the price in vols into currency units using Equa-
tion (7).°

aI. ESTIMATION METHOD

Recall that, in the spirit of Equation (1), we
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want to estimate the risk-neutral probability distribu-
tion by second-differencing the current prices of call
options with respect to their exercise prices. Since
only a handful of options with different exercise
prices trade simultaneously, we need to approximate
c(t, X, T) by interpolating a smooth function
through the available prices.

It is difficult to interpolate using exchange-
traded currency option data. Liquidity and transac-
tion volume in the currency options market are cen-
tered in the over-the-counter market.” The
exchanges’ settlement price data almost invariably
include prices of barely traded or untraded options
that do not accurately reflect the state of the market
for those exercise prices, and frequently even appear
to violate no-arbitrage conditions. There is no abso-
lute way to identify such unrepresentative prices.
The few options in which there is a significant open
interest are usually bunched together near the cur-
rent spot rate, so only a small portion of the exercise
price axis is covered, making inferences about
moments difficult and prone to error. What seems
like an abundance of simultaneous indicative prices
for options with different exercise prices on the
exchanges is thus deceptive.

We therefore use over-the-counter currency
option data. Simultaneous public price data (via
Reuters) for one-month options with the exercise

prices X£0.25>’ Xiasu)

, and XEMS) are currently avail-
able.® These three prices are well-spaced over the
exercise price axis, permitting an accurate interpola-
tion to be made.

We do not approximate c(t, X, T) directly,
but rather the market volatility smile schedule G(t,
6, T), since the over-the-counter markets quote
currency option prices in vols and set exercise
prices in terms of delta. The next step is to get from
delta-volatility space to exercise price—volatility
space by translating the approximated version of
O4(t, 0, T), which relates implied volatility to delta,
into O (t, X, T), which relates implied volatility to
exercise price, through Equation (8). Finally, we use
Equation (7) to get from exercise price—volatility
space to an approximated c(t, X, T), in exercise
price—currency unit space.

The first step is to approximate O4(t, 8, T) by
the function
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65(8) = byatm, + b8 — 0.50) +

bystr.(8 — 0.50)°

Mathematically, this functional form can be
interpreted as a second-order Taylor approximation to
the volatility smile or a spline approximation to the
three data points with parabolic endpoints. It is easy
to solve for the parameters b, i = 0, 1, 2, by impos-
ing the condition that the at-the-money volatility and
the risk reversal and strangle prices lie exactly on
G5(8) (see Appendix B). This forces our approximat-

ing function G3(8) to exactly equal the observed
market implied volatilities for & = (0.25, 0.50, 0.75)
and helps guarantee that it is a good approximation.
The resulting functional form is:

G5(8) = atm, — 2m,(8 — 0.50) +
16str,(8 — 0.50)° ©)

The minimum of this function is found at & = 0.50 +
rr,/16str,, which is generally quite close to 0.50.

Having the observed option prices lie on the
interpolated volatility smile avoids imposing a particu-
lar hypothesis about the exchange rate’s probability
distribution, while minimizing the errors in the inter-
polation. The functional form (9) is the simplest one
that captures the information about the smile that the
three option prices express. The at-the-money
volatility gives the general level of implied volatility; it
is a “measure of location” for the volatility smile. The
risk reversal price indicates the skewness in the smile,
and the strangle price indicates the degree of curva-
ture of the smile.

Exhibit 3A illustrates the interpolation with a
fairly tvpical example for a floating-rate currency
under selling pressure: atm_= 0.10, rr, = —0.015, and
str, = 0.005.

Once we have approximated the market’s
schedule of implied volatilities by G5(8), we must
find the implied volatility corresponding to each
exercise price rather than each delta. Delta itself is
a function of the implied volatility, so we substi-
tute Equation (4) into (9), and solve for ¢ as a
function of X:

EXHIBIT 3
VOLATILITY SMILE

PANEL A. IMPLIED VOLATILITY AS A FuncrioN
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16str,| e D - 0.50

(~10)

There is no closed-form solution to Equation (10),
which we refer to as the implied volatility function and
denote 6, (X). It is easy to solve numerically.’

Exhibit 3B displays the volatility function for
the example. Its appearance may be surprising, since
it 1s concave to the origin for deep in- and out-of-
the-money options.!” We show below that this prop-
erty of volatility smiles is consistent with the no-arbi-
trage restrictions on option prices.

Substituting the volatility function, Equation
(10), into the Black-Scholes call value function,
Equation (2), yields a generalized Black-Scholes for-
mula in which the implied volatility depends on the
exercise price and can thus be substituted out:

V(X) v(S,, T, X, 05 (X), 1, 1)

h{s] . ( . mﬁ}c
X 2

(11)

We can now calculate the estimates of the

cumulative distribution function, denoted ﬁ(X) ,
which estimates the probability that the future
exchange rate will be less than or equal to X, and the
probability density function, denoted T(X). Twice
differentiating Equation (11) numerically with respect
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to X and multiplying by e yields the estimated
probability density function.

The easiest way to carry this out is by differ-
ence quotients: 1) For each X, calculate 6,(X)
numerically using Equation (10); 2) the estimated
cumulative distribution function at that point is

ot v(X) - V(X - AX) 1
AX

nx) =
and the estimated probability density function is

A0 = (X) — Z((x — AX)

where AX is the step size; 3) repeat for each X to draw
the entire cumulative distribution or density function.'!

Exhibit 3C illustrates the results for the exam-
ple, comparing the risk-neutral distribution, which
displays substantial kurtosis and negative skewness,
with the lognormal distribution implied by the at-
the-money volatility under the Black-Scholes assump-
tion that the exchange rate follows a geometric
Brownian motion.

This procedure can be used to calculate the
higher moments of the risk-neutral distribution. The
risk-neutral standard deviation is usually quite close to
the straddle price — that is, the at-the-money for-
ward implied volatility — but the risk-neutral coefhi-
cients of kurtosis and skewness can differ substantially
from the near-zero values they take on in the Black-
Scholes model. '

The data required to carry out the procedure
will come from two sources. The straddle, strangle,
and risk reversal prices can be obtained by asking a
foreign exchange dealer or broker. Several Reuters
screens also carry the data. Several dealers or screens
can be polled to get a representative reading of market
levels. The remaining market prices, the spot
exchange rate and short-term interest rates, are avail-
able from any electronic data feed service.

IV. ACCURACY

The accuracy of this method, which we will
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refer to as the volatility function method, depends on
whether the interpolated volatility smile is a good
approximation to actual market prices. How close are
the interpolated smile represented by Equation (9)
and the call prices it generates to the implied volatili-
ties and observed prices of call options with deltas
other than 25%, 50%. and 75%? What impact do the
interpolation errors have on estimates of the risk-neu-
tral distribution?

We will explore these issues by comparing the
values generated by the volatility function technique
with actual dealer quotes and with the values generat-
ed by an alternative technique, that of Shimko [1993].

Exhibit 4 compares the interpolation given by
Equation (9) with a “ladder” of one-month dollar-mark
and dollar-yen call option volatilities with 6 = [0.05,
0.10, ..., 0.95] provided by two dealers during the New
York afternoon of March 6, 1997. These indicative lev-
els are not generally available to the public.

The interpolation, of course, coincides with
the quoted 25-, 50-, and 75-delta call volatilities.
Because the 25-, 50-, and 75-delta options anchor the
interpolated smile, Equation (9) is very close to actual
market implied volatilities for deltas between about 15
and 85. For options with deltas outside that range, so-
called wing options, trading is thinner, and dealers
often have rather different quotes for, say, 10- and 90-
delta options, making it more difficult to establish
“the” market level.

Dealers set implied volatilities for less actively
traded deltas by combining an interpolation technique
with judgment, depending on their sense of the market
and their wish to position their option portfolios in
particular ways. The two sets of implied volatility
quotes represent the range of approaches to pricing
wing options; Dealer [ prefers here to set low, and
Dealer II sets somewhat higher implied volatilities.

The differences in wing option volatilities
among dealers are related to differences in views
about the likelihood of very large moves in exchange
rates, in hedging needs, or in anticipated order flows
for these options. Since the price differences in cur-
rency units are marginal, and dealers do not typically
take on large net positions, dealers quoting high do
not buy large quantities of options from dealers quot-
ing low. Rather, their wing option quotes express a
general posture.
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The small differences in implied volatilities for
deltas close to zero or ¢ ¢ imply only small differ-
ences in option prices expressed in currency units,
since for very high and low exercise prices, the option
vega — the rate of change of the option’s value with
respect to the volatility parameter — is very low (see
Appendix C for details). Exhibits 5 and 6 illustrate by
converting the implied volatilities into dollar call price
quotes in marks or yen. The largest difference
between a dealer’s quotes and the interpolation, for 5-
delta dollar calls, is 3/100 of one pfennig, or 27%.
The remaining interpolation values are almost identi-
cal to the actual quotes.

Small errors in interpolation have in general
only a small impact on estimates of the risk-neutral
distribution. Exhibit 7 illustrates by comparing esti-
mates of the risk-neurtral density generated by the
volatility function technique to estimates generated by
passing a cubic spline function through the full ladder
of dealer indications for one-month dollar-mark and
dollar-yen calls on March 6, 1996.

I fit a cubic spline with linear endpoints in call
delta-implied volatility space. The spline interpolation
generates an estimate of the call value that is anchored
to dealer indications for nineteen rather than only
three exercise prices. I estimate the risk-neutral distri-
bution and density functions using difference quotient
approximations to the first and second derivatives of
the call value with respect to the exercise price.'*

The volatility function and spline estimates are
also compared to estimates using the at-the-money
implied volatility under the Black-Scholes assumption
of lognormality. The volatility function and spline
estimates are fairly close to one another, even in the
tails of the distributions, and are different from the
lognormal estimates.

Another comparison can be made with the
implied volatilities and option prices generated by
Shimko’s [1993] technique, which, like ours, proposes
interpolating implied volatilities rather than option
prices, but, in contrast to ours, interpolates them as a
function of exercise price rather than delta. Shimko
fits a quadratic function of exercise price to the
implied volatility data by linear least squares:

ox(t,X,.T) = a;, + ;X; + 32Xi2 + oy (12)
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EXHIBIT 4

DEALER QUOTES AND INTERPOLATED IMPLIED VOLATILITIES

PANEL A. DOLLAR-MARK, DEALER [, March 6, 1997
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PaNEL C. DOLLAR-YEN, DEALER I, March 6, 1997
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Circles represent dealer quotes, and solid lines represent values derived by interpolation.

The (Ox(t, X;, T), X|)i=, are pairs of implied volatil-
ities and the corresponding exercise prices, and the
(w)L; are error terms.

Since there are three parameters to estimate,
the fit to our three data points is exact: u, = u, = u,
= 0. A call price with any given exercise price is
calculated by substituting the interpolated implied

WINTER 1997

volatility corresponding to that exercise price into
Equation (2).

Exhibit 8, which is based on the example in
Exhibits 2 and 3, illustrates the differences between
the Shimko and the volatility function techniques.
The two interpolations coincide for most deltas. One
key difference is that Shimko’s technique results in
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EXHIBIT 5

DEALER QUOTES AND INTERPOLATED CALL OPTION VOLATILITIES

PaNeL A. DOLLAR-MARK, DiEALER [, MARCH 6, 1997
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Circles represent dealer quotes, and solid lines represent values derived by interpolation.

significantly higher volatility estimates for wing
options and is likely to overestimate them consider-
ably. Evidence for this is provided by Exhibit 6,
which displays the call prices generated by Shimko’s
interpolation function, and shows that they are as
much as 82% higher than actual dealer quotes for 5-
delta options, a far bigger error than that of the
volatility function technique.

The accuracy advantage of the volatility func-

28 ESTIMATING THE PROBABILITY DISTRIBUTION OF THE FUTURE EXCHANGE RATE FROM OPTION PRICES

tion, with its concave-to-the-origin ranges, should
now be evident. Work by Heynen [1994] and Taylor
and Xu [1994] indicates that volatility smiles in the
currency and stock index option markets can be
approximated by quadratic functions of the exercise
price or of the ratio of the exercise price to the for-
ward price. These studies are based on exchange-trad-
ed option data, however, for which there are relatively
few and infrequent observations on wing options. A
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EXHIBIT 6
ACCURACY OF ALTERNATIVE INTERPOLATION METHODS

DEALER 1 DEALER I
VOLATILITY VOLATILITY
DeLta QUOTE FUNCTION SHIMKO QUOTE FUNCTION SHIMKO

DoLLAR-MARK CALL OPTION PRICES (IN PFENNIGS)

005 0.11 0.14 0.20 0.12 0.12  0.19
0.10 0.25 0.28 0.32 0.26 0.26 031
0.25 0.78 0.78 0.78 0.78 0.78 0.78
0.40 145 1.44 1.44 1.45 145 145
0.60 270 2.70 2.70 2.69 269 2,69
0.75 4.16 4.16 4.16 4.15 415 415
090 697 6.96 6.98 6.91 6.90 692
095 8.78 8.78 8.81 8.91 8.90 8.94

DoLLar-MARK CALL OPTION PRICES (IN YEN)

0.05 0.08 0.10 0.14 0.08 0.08 0.12
0.10  0.15 0.20 0.23 0.19 0.19 0.21
0.25 0.58 0.58 0.58 0.56 056  0.56
0.40 1.09 1.09 1.09 1.06 1.06 1.06
0.60 2.09 2.08 2.07 2.01 2.02 201
075 3.27 3.27 3.27 3.17 317 317
090 545 5.46 5.50 5.43 542 545
0.95 6.86 6.87 6.92 7.03 7.03  7.07

Indicative levels, March 6, 1997.

more complex functional form that permits the smile
slope to taper off to zero as delta approaches zero or
one might well be found to fit the data as well as or
better than the simple quadratic. A dealer interpolat-
ing in implied volatility—exercise price space might or
might not make the interpolation strictly convex even
for high and low deltas, but as we have seen, this
would translate into small differences in call prices,
since even a large change in volatility leads to a small
change in price for the wing options.

Exhibit 8 displays estimates of the risk-neutral
density using our technique and Shimko’s, and a sim-
ple estimate assuming lognormality. The two tech-
niques that take the volatility smile into account are
roughly similar to one another and quite different
from the simple lognormal approach. As might be
expected, the Shimko density displays somewhat
greater kurtosis than the density generated by the
volatility function.

Another key difference is that, for wing
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EXHIBIT 7
ESTIMATED RiISK-NEUTRAL DENSITY FUNCTIONS:
VOLATILITY FUNCTION AND SPLINE INTERPOLATIONS

PANEL A. DOLLAR-MARK, DEALER I, MARCH 6, 1997
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PANEL B. DoLLAR-MARK, DEALER I1, MaRcH 6, 1997
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Terminal Exchange Rate

options, Shimko’s technique violates the no-arbitrage
conditions in Appendix C. The second derivative of
Shimko’s estimated volatility smile is a, + 2a,X,
which does not disappear as X grows very large or
small. This problem is common to other mechanical
methods of estimating volatility smiles such as splines.
One consequence is that the call delta is no
longer a monotonically decreasing function of exercise
price. The estimated implied volatility cannot be defined
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EXHIBIT 7
CONTINUED

PaNEL C. DOLLAR-YEN, DEALER I, MARCH 6, 1997
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Heavy solid line: volatility function technique; dotted line: spline
interpolation; thin solid line: lognormal approximation.

in terms of delta in the wings, since there is no unique
exercise price assoclated with each low and high delta.
Another consequence is that the risk-neutral
probability is not well-defined, since the second
derivative of the call price with respect to the exercise
price, with the implied volatilities supplied by the
Shimko interpolation, does not integrate to zero (e ™)
as the exercise price grows small (large). In the exam-
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EXHIBIT 8
COMPARISON OF SHIMKO AND
VoLATILITY FUNCTION TECHNIQUES

PANEL A, VOLATILITY SMILE: SHIMKO AND
VOLATILTY FUNCTION INTERPOLATIONS

0.25 T T T T T T T T T
02}
0.15F

01 S

0.05 ] i | L 1 I I ] |
0 01 02 03 04 05 06 07 08 09 1

Call Delta

0.25

0.2

0.15

0.1
0.05

] i | I
135 140 7.45 150 1.55 1&) 165
— Shimko Technigue
== Volatility Function Technique
000 Qbserved Volatilities

PANEL B. RISK-NEUTRAL DENSITY: SHIMKO AND
VorATHATY FUNCTION INTERPOLATIONS
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ple in Exhibit 8, the graphs cover only the interval &

€ [0.03, 0.93] rather than 8 € [0, e ). The implied
volatility function avoids such violations, since it flat-
tens out in the wings, !

To sum up, the volatility function method pre-
sented here generates highly accurate call prices for
most exercise prices, although it may be off by small
amounts for some very high or low exercise prices.
Estimates of the risk-neutral density will thus be
highly accurate except possibly for small errors in the
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extreme tails of the distribution.

As the over-counter currency options markets
evolve, trading in farther out-of-the money calls and
puts 1s likely to become more active. If dealers were to
publicize prices of 10- or 15-delta risk reversals and
strangles, one could calculate the implied volatilities of
10- and 90-delta calls, and use these to develop a ver-
sion of the interpolation function G(8) anchored at
two additional points in the wings. Campa, Chang,
and Reider [1997] give an example using weekly data
over a one-year observation interval.

V. A SAMPLE APPLICATION

To see how this technique might be used by
practitioners, let us examine an episode of dramatical-
ly changing sentiment: the dollar-yen exchange rate
in mid-1995. From June 16, 1995, to August 16,
1995, spot dollar-yen rose from ¥84.50 to ¥98.15, and
sentiment grew quite dollar bullish. The risk-neutral
probability density functions of the exchange rate,
displayed in Exhibit 9, indicate how much so. The x-
axis measures the exchange rate as deviations from the
contemporaneous forward dollar-yen rate, so the
mean of each distribution is zero.

Uncertainty about the future exchange rate
grew over the period, as can be seen from its greater
dispersion and kurtosis on August 16. The salient fea-
ture of the densities is the change in skewness from
markedly dollar bearish to dollar bullish. The risk-
neutral likelihood of a sharp depreciation of the dollar
was greater than that of an equally sharp appreciation
on June 16, 1995, while the opposite was true on
August 16, 1995.

Exhibit 10 displays the spot dollar-yen exchange
rate and its coefficients of skewness and kurtosis, calcu-
lated from the one-month risk-neutral probability dis-
tribution, from April 1992 through early June 1996.

The forward premium, the risk-neutral
expected value of the future exchange rate, offered
little useful information on market sentiment about
dollar-yen during the period that was not also
embedded in the spot exchange rate; it certainly did
not reveal the shift to dollar bullishness. The dollar’s
forward discount was unchanged at about —0.4%;
current and anticipated central bank monetary opera-
tions were of subordinate importance in determining
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EXHIBIT 9
EsTivateD RISK-NEUTRAL PROBABILITY
DENsITY FuncrioN

-5 |
Deviation (in Yen) from Forward Rate

=~ June 16, 1995
— August 16, 1995

Dollar-ven, probability distribution of exchange rate one
month hence.

dollar-yen sentiment.

It should be stressed that Exhibit 9 displays
risk-neutral, not “true” subjective probability densi-
ties. Market participants will recall that in August
1995 substantial investor interest in out-of-the-money
dollar calls (yen puts) materialized, motivated by
expectations of substantial dollar appreciation over
succeeding months. This left dealers short of volatility,
quickly boosting option prices and driving risk rever-
sal prices to unusually dollar-bullish levels.

It is worth keeping in mind that transient sup-
ply and demand imbalances, changes in market partic~
ipants’ exposures to the underlying currency, and
changes in risk appetites may move option prices —
and thus the risk-neutral distribution — without any
change in expectations. However, as Exhibit 10 and
the example of the dollar-yen in summer 1995 sug-
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EXHIBIT 10

SKEWNESS AND KURTOSIS COEFFICIENTS OF THE DOLLAR-YEN EXCHANGE RATE — DAILY MARCH 31, 1992-June 11, 1996
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gest, changes in these factors in general coincide with
changes in expectations, making it even more difficult
to disentangle them.

Note that the risk-neutral skewness coefficient
displayed in Exhibit 10 is biased toward the negative.
This may be due to persistent dollar-bearish senti-
ment throughout the period, but since one observes
negative skewness even during periods of dollar stabil-
ity, it seems likely that the negative bias is due at least
in part to the hedging requirements of Japanese
exporters who persistently bid up the prices of out-
of-the-money dollar puts.

Such biases may help account for the forward
premium’s failure as a predictor of changes in the spot
rate. In fact, the risk-neutral moments derived from
currency option prices — and the risk and expectation-
al factors embedded in them — go a long way toward
accounting for excess returns in exchange markets.!”

VI. CONCLUSIONS

The method presented here makes it possible
for market participants and observers to assess the
risk-neutral probability distribution of exchange rates

32 ESTIMATING THE PROBABILITY DISTRIBUTION OF THE FUTURE EXCHANGE RATE FROM OPTION PRICES

— Coefficient of Skewness (Right Axis)

-+ Coefficient of Kurtosis (Right Axis)

without expending substantial research and computer
resources. To review its advantages:

e The data needed can be obtained by any market
participant with foreign exchange dealing rela-
tionships or access to a Reuters terminal.

¢ The method is computationally simple and can be
easily implemented on a PC. The estimate of the
volatility smile is parameterized by the option
prices, so it does not require the user to estimate
a regression or spline function.

¢ The volatility function technique avoids the
problems associated with the alternatives of con-
structing a spline or regressing the implied
volatilities on delta or on exercise prices. It leads
to smooth estimates of the risk-neutral density,
avoiding the jagged appearance associated with
these alternatives.

o [t spite of its simplicity, it delivers a highly accurate
representation of the risk-neutral distribution.

e It is consistent with the no-arbitrage conditions
on risk-neutral distributions.

In all these respects, it compares favorably with
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alternative techniques.

Rusk-neutral probability distributions calibrate
for market participants what is meant by a large move
in the exchange markets. Before seeing a risk-neutral
distribution, many observers assign very high or low
probabilities to, say, a 5% change in exchange rates.
They also tend to overestimate the difference between
the likelihood of an up or down move of equal size
implied by risk reversal prices.

Looking at the risk-neutral distribution and its
moments can help option dealers and investors use
the information in option prices more effectively.
Market participants can use the exchange rate’s risk-
neutral higher moments to quantify the riskiness of a
currency position in a more differentiated fashion. In
particular, they can distinguish the market’s uncertain-
ty about the exchange rate’s future level — volatility
risk — from the perceived risk of a particularly large
exchange rate move, and they can also quantify the
market view on exchange rate skewness. As we have
seen, this information is a useful supplement to the
generally rather uninformative forward exchange rate.

This technique can be of value to market
observers and participants. For example, value at risk
(VaR) techniques for the management of market risks
often rely on the assumption that asset prices behave log-
normally. One drawback of VaR is that it may inade-
quately account for the large but rare market moves that
can potentially endanger a firm’s very survival. Practi-
toners are aware of this, and devote much thought to
guessing the degree of extra capital coverage required to
compensate for the possibility of understating the likeli-
hood of adverse “tail events.” Risk-neutral probability
distributions can serve as a useful complement to a vari-
ance-covariance matrix based on historical data.

APPENDIX A
RISK-NEUTRAL PROBABILITY DISTRIBUTION

We can think of the risk-neutral probability distri-
bution as the probability density 7t(x) that lets us represent
observed call option prices c(t, X, T) as the discounted
expected values of their future payofis:

1

ct, X, T) = ¢ "E' [max(S; — X)]
= ¢ T [XSr - X)mSy)dSy (A-1)
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where X is the exercise price, t and T are the current and
option expiration dates, T =T —t, r is the risk-free interest
rate, E* denotes an expectation taken under the risk-neu-~
tral probability distribution, S_is the time t asset price, and
Jk: T(S;)dS; = P*(a < S; <b), with P* denoting a risk-neu-
tral probability.

The risk-neutral distribution is defined as the proba-
bility measure — the set of numbers on [0, 1] integrating
to unity — that makes Equation (A-1) “work”; that is,
makes the expected return on the option equal the risk-
free rate. The expected value of the future payoffs on any
asset, calculated using these numbers as probabilities and
discounted to the present at the risk-free rate, is equal to
the current asset price.

To identity T(x), we differentiate the call price with
respect to the exercise price:

dclt, X, T) -
T o LT - TIX A-2

where [1(x) = P*(S} £ x) is the risk-neutral cumulative dis-
tribution function, and

d%ct, X, T)

~— = ¢ "n(X) (A-3)
axX~
A procedure to extract the probability distribution
implied by a set of option prices treats T(x) as an unknown
function, which we try to estimate using Equation (A-3)
and a set of observed option prices c(t, X, T).

APPENDIX B
DERIVATION OF THE b,

The at-the-money, or 50-delta volatility, sets b, =

1, since!®
am, = ™" = 04(0.50)
= bjatm, + byr, - 0 + bostr, - 0
Similarly, the risk reversal price sets b, = -2:
n o= o g7
= 065(0.25) — ©5(0.75) = —P’)lrrt
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Finally, the strangle price sets b, = 16, since

6(0.75) + 6(0-25)
str, = e 0 Me atm,
2
= 05025 + 65075 |~ 025%
2 t o
APPENDIX C

NoO-ARBITRAGE CONDITIONS ON THE VOLATILITY FUNCTION

The no-arbitrage condition on the derivative of
market prices of European call options with respect to the
exercise prices is derived by adding to Equation (A-2) the
condition 0 S TI(X) < 1. It can be stated as

- X, T
—e T < M <0 (C-1)
oX
Condition (C-1) implies restrictions on the slope of
the volatility function. We can express it equivalently in
terms of implied volatilities using the volatility function:

Lo K | MSL T K Ox(XK)rr) c2)
oX oX

Carrying out the differentiation in (C-2):

90, (0 ) _ )
AX) 9 IX

- < <0

where 0v(-)/90 and dv(-)/9X refer to the partial derivatives
of the Black-Scholes call pricing functions with respect to
the implied volatility and exercise price.

The derivative of v(X) differs from the ordinary
derivative of the Black-Scholes formula by the term
(064(X)/9X) (dv(-)/90), which reflects the distortion
induced by the volatility smile. If there is no smile, that
is, 005 (X)/dX = 0 everywhere, the no-arbitrage condi-
tions are fulfilled.

The volatility function has modest curvature for
intermediate exercise prices, and thus does not violate the
no-arbitrage conditions in that range.!” For high and low
X, the volatility function’s curvature tends to zero:

o Iox(X) _

96 (X)
im —=——=> =
x—0 dIX X—ow 0X
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so the no-arbitrage conditions are preserved.

For large and small X, dv(-}/do tends toward zero,
so the bounds on 96, (X)/dX become quite loose. This
explains the variation in simultaneous implied volatility
quotes from dealers for options with deltas close to zero or

LA large change in the implied volatility produces
only a small change in the option price in currency units.

It also shows that a good interpolating function for
implied volatility need only be close to market-implied
volatilities in the central range, say, deltas between 0.15
and 0.85. Outside that range, even fairly gross errors in the
interpolation function will lead to small errors in call prices
and thus in the estimated probability distribution (see
Hodges [1996] for a more complete discussion, including a
number of examples, of the no-arbitrage restrictions on

volatility smiles).
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!See Appendix A for a formal presentation of this
relationship, which was first noted by Breeden and Litzen-
berger [1978].

See, for example, Shimko [1993]. Rubinstein
[1994] and Derman and Kani [1994] estimate the entire
stochastic process of the asset price using numerical methods.

SExamples of this approach include Bates [1996a,
1996b] and Malz [1996]. Melick and Thomas [1997] and
Bahra [1996] present an estimation method in which the
risk-neutral distribution is represented as a mixture of log-
normals. While this approach is based on a distributional
hypothesis, it is closer in spirit to interpolation, since the
mixture distribution can represent a wide variety of distri-
butions with a suitable choice of parameters.

*The application to options on currencies is often
referred to as the Garman-Kohlhagen model, following its
exposition in Garman and Kohlhagen [1983].

>To be precise, the expression in Equation (2) and
here should involve the 75 — (1 — ™" ¥)-delta, rather than
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the 75-delta call volatility. For short-term options, the
imprecision is unimportant unless the foreign interest rate
is extremely high.

*Dealers often use shortcuts. They may use the
strangle spread plus the at-the-money volatility in place of
O‘(r("zs) and 67 to calculate the strangle price in curren-
cy units and use the at-the-money volatility plus or minus
the risk reversal price in vols to calculate the risk reversal
price in currency units. Typically, these shortcuts have an
insignificant effect on the price in currency units.

"According to the most recent Bank for Interna-
tional Settlements survey, “Central Bank Survey” [1996],
the over-the-counter market accounts for 97% of the
notional outstanding stock of currency options.

8To be precise, the at-the-money volatility and
risk reversal and strangle prices are available, but they can
be easily transformed into the three volatility levels via
Equation (8).

“One can use the same numerical techniques as in
calculating implied volatilities, for example, MATLAB’s
solve function or Mathcad’s root function.

In the example, it is concave for deltas greater
than about 0.85 and less than 0.15, about 4% or more
above and below the current forward rate, as would be
typical for flexible exchange rates with modest forward
premiums and implied volatilities on the order of 10%.

U have found for a variety of currencies using
data since early 1992 that calculating TI(X) and 7(X) over
a range of exercise prices 25% above and below the current
spot rate will almost always cover the entire one-month
probability distribution. In general, plus or minus 10% cov-
ers virtually the entire distribution. Dividing that range
into fifty steps will give adequate fineness. Some computa-
tional simplifications are described in Malz [1997].

. . (t=r" )T=0)
"2The risk-neutral first moment is Se" " 7,

The r-th central moment is defined by
B = 7K = Fop) ROAX

where F . is the forward rate. The risk-neutral annualized
standard deviation of percent changes in the exchange rate is

e
] Ky
T
and the risk-neutral coefficients of skewness and kurtosis are

~(3
ity

S (2)4372
(1]

and
~(4)
t

o S

)
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Few dealers currently store historical data other
than 25-, 50-, and 75-delta option volatilities, and those
who do store only 10- or 15- and 85- or 90-delta volatili-
ties, so most of these data are quite ephemeral, disappearing
as they are updated.

™I use a fairly coarse partition mesh to avoid
jagged probability densities. This problem is common to
methods that do not impose a particular functional form on
the volatility smile or on the risk-neutral distribution (see
also Soderlind and Svensson [1997]).

"When applied to a larger data set, for example,
settlement prices of exchange-traded options, Shimko’s
technique will not in general provide an exact fit to any
actually observed option prices. The errors can be substan-
tial, and if, as is often the case for exchange-traded options,
most of the observations are near the money, the estimated
implied volatilities of in- and out-of-the-money options
may be highly sensitive to small changes in the data. Small
errors, or even the tick size, may then have a significant
Impact on estimates.

°In fact, the integral is divergent. The reason is
that the estimated implied volatilities rise so rapidly in the
wings that the call deltas do not converge toward zero and
one, but instead reverse direction, so that there are in fact
two exercise prices for each low or high delra.

"Malz [1997] presents some empirical results on
the power of risk-neutral distributions to explain currency
excess returns and to predict future exchange rates.

"Recall that there is a very slight inaccuracy in
setting atm = 0(;“'5“) and in using G((“'m rather than
)

[0.75—(1-¢
0(

19See Malz [1997] for details.
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